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Surface Cracking in Layers Under Biaxial, Residual Compressive Stress

S. Ho," C. Hillman,” E F Lange,” and Z. Suo

Materials Department, University of California, Santa Barbara, California 93106

Thin two-phase, Al,O,/t-Zr(3Y)0O, layers bounded by much
thicker Zr(3Y)O, layers were fabricated by co-sintering
powders. After cooling, cracks were observed along the cen-
ter of the two-phase, Al,0,/t-Zr(3Y)0, layers. Although the
ALO,/t-Zr(3Y)O, layers are under residual, biaxial com-
pression far from the surface, tensile stresses, normal to
the center line, exist at and near the surface. These highly
localized tensile stresses can cause cracks to extend parallel
to the layer, to a depth proportional to the layer thickness.
A tunneling/edge cracking energy release rate function is
developed for these cracks. It shows that for a given residual
stress, crack extension will take place only when the layer
thickness is greater than a critical value. A value of the
critical thickness is computed and compared with an avail-
able experimental datum point. In addition, the behavior of
the energy release rate function due to elastic mismatch is
calculated via the finite element method (FEM). It is also
shown how this solution for crack extension can be applied
to explain cracking associated with other phenomena, e.g.,
joining, reaction couples, etc.

I. Introduction

TTENTION has been drawn to cracking in layered materials

caused by residual stresses, because the problem fre-
quently appears in adhesive joining, electronic packaging, and
other technologies. When fabricated at an elevated temperature,
T,, and cooled to T, the two materials that form the layered
system studied here suffer a mismatch strain of

& = J‘Tr”(a: —a)dT (n

where a, and «, are the thermal expansion coefficients of the
two materials.

Consider a laminate of a balanced stacking sequence of the
two materials so the laminate does not bend. Denote r, and ¢,
as the thicknesses of layers formed with materials | and 2,
respectively. Far away from the free surface, the residual stress,
og, in each layer is uniform and biaxial. The stress perpendicu-
lar to the layers, far from the free surface, is zero (o. = 0). In
the layer with the lower thermal expansion coefficient (material
1), the residual, biaxial compressive stress is given by
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and in the layer with the greater thermal expansion coefficient
(material 2), the biaxial, tensile stress is given by
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Here £’ = E/(1 — v), where E and v are Young's modulus and
Poisson’s ratio. For the situation where ¢,/t, — 0, the biaxial
stress in material | reduces to

€y 4)

and the stress in material 2 vanishes (o, — 0). For the experi-
mental case considered below, subscripts 1 and 2 distinguish
the thinner Al,O4/t-Zr(Y)O, two-phase layers from the thicker
t-Zr(Y)0O, layers, respectively. As shown in Table I, o, < a,.
and thus, biaxial, residual compressive stresses develop within
the thinner ALO;/r-Zr(Y)O, two-phase layers far from the free
surface, whereas the much thicker +~Zr(Y)O, layers are nearly
stress free.

[t is well known that the stresses at the free surface of layered
materials are different from those within the body of the mate-
rial. Finite element calculations'* show that although biaxial
stresses exist far from the surface, a stress perpendicular to the
layer plane exists near the free surface that is highly localized.
decreasing rapidly from the surface to become negligible at a
distance approximately on the order of the layer thickness. This
stress has a sign opposite to that of the biaxial stresses deep
within the layer. Thus, when the biaxial stresses are compres-
sive deep within the material (case reported below), there is a
tensile stress perpendicular to the layer at and near the surface.
This reversal of stresses was also observed by Cox® during his
analysis of inclusions located either within a body or at the
surface. Thus. a tensile stress field, localized near the surface,
will be present in layers when the stress far from the surface is
biaxial compression. These tensile surface stresses can cause
the extension of preexisting cracks.

[t has been shown that the condition for crack extension
within a highly localized stress field depends on both the mag-
nitude of the tensile stress and the size of the body that gives
rise to the stress field. This is independent of whether the stress
field is residual® (e.g., differential thermal expansion) or an
applied local stress® (e.g., contact stress). Strain energy release
rate functions (G) describing the condition for crack extension
within thin films and layered materials have been recently
reviewed.® These functions can be expressed as

Zo’t
E

where o is_the tensile stress within the film or layer, ¢ is the
thickness, £E = E/(1 — v?), and Z is a dimensionless number
that depends on the specific system. Although the topic of
surface stresses in embedded layers was not reviewed in Ref. 6,
Evans and co-workers’™ have analyzed a layered system where
a thin metal layer joined two thicker ceramic layers. The thin
metal layer was under biaxial tension far from the free surface
and its surface was in a state of compression normal to the
metal/ceramic interface. Tensile stresses were localized at the
surface of the ceramic layers, close to the metal layer, and a
strain energy release rate function similar to Eq. (5) was derived
to explain the surface cracks observed in the ceramic layers.
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Table I. Material Parameters
a (X 107K E(GPa) v I J/m?)
ALO,/t-Zr(Y)O, 11.5% 3007+ 0.32%7 58
-Zr(Y)O, 12.5% 205+ 0.32%7 95

In the present paper, thin alumina~zirconia composite layers
were fabricated between two thicker layers of zirconia at high
temperature by co-sintering powdcrs. After the laminate cooled
to room temperature, a crack was observed along the center line
of the alumina-zirconia layer. When the sample was diamond
cut normal to the interfaces, similar cracks were observed on
all fresh surfaces. Figure | shows a schematic diagram and a
micrograph. Obviously, the biaxial compressive stress cannot
cause cracks in the alumina—zirconia layer. A more careful
study reveals that the phenomenon is a surface effect. Near the

surface, the stress is nonuniform in each layer and differs from
that given in Eq. (4). In particular, the alumina~zirconia layer is
under tension in the direction perpendicular to the layer plane,
As illustrated in Fig. 2, the thin alumina—zirconia layer strives
to contract less than the two zirconia layers, bending its surface
and thereby inducing the tensile stress. Consequently, if a con-
dition for crack extension exists due to the tensile stresses near
the free surface, the crack should extend only to a certain depth.
The purpose of this paper is to use a simplified elastic analysis
to determine surface stresses in a layer under residual biaxia]
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Fig. 1. (a) A thin layer of ALO,/Zr(Y)O, is bonded between two blocks of Zr(Y)O,. A crack runs parallel to the interfaces, in the ALO,/Zr(Y)O,
layer. (b) An optical micrograph of a crack running in the ALO,/Zr(Y)O, layer. (¢) SEM micrograph of fracture surface showing sequential positions
of the crack front (partial dashed lines) extending from the surface near the center of the Al,0,/Zr(Y)O, layer.
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Fig. 2. Far away from the edge, the stress is biaxial in the plane ot
the laminate, compressive in Al,O,/Zr(Y)O,, and tensile in Zr(Y)O,.
At the edge, there is a tensile stress normal to the interfaces in ALO,/
Zr(Y)0,.

compression far from the free surface, and to show how these
surface stresses can induce cracking.

II. Experiments

Microlaminates consisting of thin layers of Al,O,/t-Zr(Y)O,
(=300 wm) sandwiched between thick layers of -Zr(Y)O,
(=3000 wm) were fabricated by sequential centrifugation. This
method was previously used by Marshall et al” to fabricate a
new. multilayer laminate with increased fracture toughness.
The method utilizes a new colloidal processing technique'™"
where a short-range repulsive potential is produced by adding
salt (e.g., NH,CD to a dispersed, aqueous slurry. The short-
range repulsive potential produces a weakly attractive particle
network that allows particles to pack to a high relative density
by either pressure filtration'™"" or centrifugation,'” and prevents
mass segregation during centrifugation. "’

A dispersed, aqueous slurry containing 0.10 volume fraction
of +-Zr(Y)O, powder (TZ-3Y, Tosoh, Tokyo. Japan; ZrO, with
a tetragonal structure containing 3 mol% Y,0,) was prepared at
pH 2: 1.0M NH,CI was then added to create a weakly attractive
network. This slurry was used to produce the t-Zr(Y)O, layers
in the laminate. A second slurry, used to produce the layers with
a lower thermal expansion coefficient, was prepared to contain
0.005 volume fraction of two powders (0.50 volume fraction
ALO, (AKP-50, Sumitomo Chemical Co., New York) plus 0.50
volume fraction +-Zr( Y)O, at pH 2 with 1.0M NH,ClI to produce
a weakly attractive particle network that prevents phase segre-
gation. A volume V of the appropriate slurry containing the
volume fraction of powder, ¢, was poured into the centrifuge
tube, of area A, to form a layer of thickness

Vo
A

@
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Thus, by varying either the volume fraction of powder in the
slurry or the volume poured into the tube, one could vary the
desired layer thickness formed during centrifugation. For the
current study, the predetermined volume of the +-Zr(Y)O, slurry
was poured into a 50 mL polyethlyene centrifuge tube (Nal-
gene) and centrifuged at 3200 rpm (centripetal acceleration
~ 1900yg) for 2 h (optimum time for maximum particle packing
density determined by Ref. 13. The tubes were accelerated
slowly up to the highest speed to ensure a smooth surface, and
a uniform layer thickness. After centrifugation of the -Zr(Y)O.,
slurry, the clear supernatant was poured off, a predetermined
volume of the Al,O;/Zr(Y)O, slurry was introduced into the
tube for centrifugation. This process was repeated until the
desired number of layers was achieved, i.e.,, by sequential
centrifugation.

The laminates were air-dried and then heated at 2°C/min to
1500°C for 1 h to produce dense laminates. The laminates were
sectioned by diamond cutting, polished, and then examined
with a scanning electron microscope (SEM) (840 SEM, JEOL,
Tokyo, Japan). Cracks, parallel to the interface, were observed
near the centerline of the Al,O,/Zr(Y)O, layers (Fig. 1(b)).

To investigate the depth of the cracks, a fiexural bar specimen
(3.6 mm X 8.5 mm X 20 mm) was prepared such that the thin
AlL,0,/Zr(Y)O, layer containing the crack was at the center of
the bar. When the specimen was loaded in 3-point bending, it
failed from the preexisting crack in the thin ALO,/Zr(Y)0O,
layer. When the fracture surface was observed in the scanning
electron microscope, the position of the crack front prior to
catastrophic extension by mechanical testing could be distin-
guished by a slight change in the crack plane, which clearly
marked the crack front. In addition, as shown in Fig. 1(c),
several other crack front positions were observed, each appar-
ently caused during cooling by sudden crack extension and
arrest. The deepest crack, i.e., the crack front position produced
by mechanical fracture, extended from the surface by 550 pm.
The thickness of the Al,O,/Zr(Y)O, layer containing the crack
was 327 pwm, i.e.. the normalized crack depth was a/t = 1.68.

III. Mechanics

(1) Stress Distribution Prior to Cracking

The stress given by Eq. (4) prevails inside the alumina-
zirconia layer, well away from the surface. Near the surface,
the stress distribution is much more complex. To appreciate
significant features, we first analyzed a simplified problem.
Consider a thin layer of material 1 (thickness r,) bonded by two
much thicker layers of material 2 (thickness ¢,), assuming that
the two materials have different thermal expansion coefficients
but identical elastic constants and that ¢, /¢, — 0. Both materials
are fabricated, without bonding, at high temperatures so that
their areas are identical before they are cooled. At a lower
temperature, the area of the lower expanding material (1) will
be larger than the area of material 2. The stress field can be
obtained analytically as follows.

— e ()%

P—x y

Problem B

Fig. 3. The residual stress problem is a superposition of the following two problems: (problem A) a band of pressure of magnitude o, is applied in
addition to the thermal mismatch; (problem B) a band of tensile traction of magnitude o, is applied, and there is no thermal mismatch.
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The stress induced by thermal mismatch is calculated by
superimposing problems A and B in Fig. 3. In problem A, the
three layers are detached from one another and a compressive
traction of magnitude

T & (6)

is applied at the edge of the thin layer, so that the areas of the
two materials are perfectly matched. The stress distribution in
problem A is trivial: the two thick layers are stress-free, and the
thin layer is under biaxial compression of magnitude oy, in the
plane of the layer. In problem B, the specimen consists of the
three bonded layers, all of which are stress-free; a tensile trac-
tion of magnitude oy, is applied to the thin layer. The super-
position of A and B gives just what we want: the stress field
induced by the thermal expansion mismatch strain alone, with
no surface tractions.

We are interested only in the stress field in the region scaled
by the layer thickness; all other lengths—the size of the block
and the diameter of the layer—are deemed too large to be
relevant. This is a proper assumption for many materials with
an embedded layer. Consequently, problem B can be further
simplified to be a plane strain problem, i.e., a semi-infinite solid
subjected to a band of surface tractions, which is simply a set of
point forces along the thickness of the embedded layer (inset
Fig. 4). This problem is readily solved by integrating the solu-
tion for a point force on a free surface' over the band where the
tractions are applied. Figure 4 shows the distribution of the
stress component o, in problem B. This is also the distribution
of the residual stress, since the stress component o,, vanishes in
problem A. The centerline of the thin layer coincides with the
x-axis. On the surface (x = 0), o,, is a step-function, equal to
a,, in the thin layer, o,,/2 at the interface, and zero in the two
thick layers. Along the centerline (y = 0). the stress is given by

va(‘y)|v=() = ;

2 |
¢ — 5sin 26 |oy (7

where tan § = t/2x. For large depth v, i.e., # — 0, this stress
decays as

N R B 2

Tu - 3 - 6m\x
Equation (7) is labeled as y/r = 0 in Fig. 4. A similar solution
was derived in Ref. 3.
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Fig. 4. Distribution of the stress component o, (x,y) near the edge.
The elastic mismatch in this system is assumed to be zero.
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The results from Fig. 4 correspond well with the valueg
determined via FEM by Kirchner er al.,” considering the limita-
tions of FEM for small embedded layers and that Fig. 4 assumeg
no elastic mismatch.

(2) Edge and Channel Cracking

Interacting with preexisting flaws, the tensile stress ip
Eq. (7) may induce crack extension. Figure 5 illustrates that
two situations must be considered; one, the extension of a pre-
existing crack into the thin layer to a depth a (termed “edging™),
and second, the extension of a crack of depth a along the
center line of the thin layer (termed “channeling’). Plane strain
conditions apply if it is assumed that crack extension into the
layer prevails as the crack extends along the center line. The
strain energy release rate, Ggp, for extension into the layer
(edging) is given by"

%j—tpi = 17%52{ 1122 = (1 — 9)-
[0.296 + 0.2554(0.75 — $)]}° (8)
Here
E=E/(1 -V

2t !
s=—tan ' {=—
™ 2u

Equation (8) is plotted in Fig. 6 to show that as the crack
depth a increases, Ggp, increases when a is small, reaching the
maximum at ¢ = 0.3r, and then drops when « is large. This
trend is expected because the tensile stresses are localized near
the surface.

If the critical strain energy release rate of the thin layer
material is [, then for crack propagation to occur,

Glil) = r (9)

Graphically, this is analogous to drawing a horizontal line
corresponding to [ normalized by E/o3,¢ in Fig. 6. When the
residual stress becomes large cnough during cooling, this line
will intersect the G, curve at two points, corresponding to two
crack depths. The larger depth is the crack’s stable, equilibrium
position; it will not grow deeper unless the residual stress
increases because of a further decrease in temperature.

The strain energy release rate for channeling, Ge,. can be
computed using'®

1 .
Gen = Ef(,GED da (10)

This result is also plotted in Fig. 6. The overall trends for the
two strain energy release rate functions are similar. At a =
0.55¢, the Gy function reaches its maximum value

channeling, Gcn
edging, Gep

b e

Fig.5. Two crack fronts: extension deeper into the layer (edging) and
spreading around the layer (channeling). The tensile traction oy is
applied on the surface of layer 1| (not shown in the figure).
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Fig. 6. The energy release rates of edging Gy, and channeling Gey
vary with the crack depth a. Elastic mismatch is assumed to be zero.

0.3403¢

o (11)

(Gerdmax =

No preexisting crack can channel along the layer when
(German < T (12)

Combining Egs. (11) and (12), one finds that channeling is
possible only when

rE

3
oyt

=0.34 (13)

Consequently, for a given material pair cooled to a prescribed
temperature. there exists a critical thickness, ¢.. below which
channeling cannot occur, i.e.. when

S
T 0340

The following sequence of events is plausible as a laminate
is cooled. The stresses increase from zero during cooling from
the fabrication temperature. When the stress is low. favorably
oriented, preexisting flaws will neither extend to a greater depth
nor channel along the surface. As the stress increases during
cooling and reaches the level determined by Eq. (13). a single
flaw on the surface, of size around a = 0.55¢, will be activated
to channel along the layer. If the preexisting flaw is much
smaller, larger stresses need to develop before the crack sponta-
neously both extends to a greater depth and channels. After
channeling has occurred once, in a catastrophic manner, the
crack can extend to greater depths (greater values of @) as the
temperature drops further. Because Ggp, diminishes for large
depths, the crack will stabilize at a larger depth determined by
Eqgs. (8) and (9).

(3) Effect of Elastic Mismatch

When the two materials have different elastic constants, we
solve the problem by using the finite element method. As illus-
trated in Fig. 5, a thin layer of Young's modulus £, is bonded
between two infinite blocks of Young’s modulus E,. Poison’s
ratios are taken to be 1/3 for both materials. The elastic mis-
match is conveniently described by

E, - E,

E T E (1)
t 2

which lies between * 1, and is positive when material 1 is stiffer
than material 2. The thin laminate is loaded by a tensile traction
oy on the edge of layer 1.
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Fig. 7. Edging energy release rate as a function of crack depth and
elastic mismatch.

Finite element meshes were generated for various crack
sizes, a/t. The accuracy of each mesh was checked by compar-
ing finite element results for £, = E, with the solution pre-
sented in the previous section. The calculated strain energy
release rates for edging (Ggp) are plotted in Fig. 7, where
Young's modulus of the thin layer E, was used to normalize the
energy release rate. Everything else being fixed, as the two
thicker lavers become more compliant, the curves spread
toward the upper right; i.e., the crack will extend deeper into
the thin layer.

Once G, is obtained, one can use Eq. (10) to compute
G, A more direct approach, more suitable for finite element
analysis, is as follows. First the stress distribution o, (x) on the
line of the prospective crack is computed when there is no
crack. Then the crack-opening profile, 8(.x), is computed for a
traction-free crack. Both computations are done using the finite
element method. The channeling energy release rate is calcu-
lated by integrating'’

n

‘ a
Gy = Z{O’“(,\') S(x) d (13)
The computed results are plotted in Fig. 8. Everything else
being fixed. both the maximum, (Gcy)m,. and the depth where
the maximum occurs increase as the two thicker layers become
more compliant.

Crack channeling cannot occur when Eq. (12) is satisfied.
The maximum on each curve in Fig. 8 is plotted in Fig. 9 as a
function of the elastic mismatch ratio. For a given elastic mis-
match, channel cracking is not possible when the dimensionless
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Fig. 8. Channeling energy release rate as a function of crack depth
and elastic mismatch.
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group, TE,/oyt, lies above the curve; this region is labeled
“no cracking.”

IV. Discussion

We have developed an analytical expression for the distribu-
tion of tensile stresses at and near the surface of a layer that is
under biaxial compression far from the surface. These stresses
are consistent with the surface crack observed to bisect the
layer. We have also developed critical strain energy release rate
functions that describe how far a surface crack will extend into
the layer and when it will spontaneously extend along the
layer. As for other cases where the tensile stress is highly
localized,'*? it is shown that spontaneous extension along the
layer can occur only when the dimensionless group, ['E, /o3,
exceeds a critical value. That is, for a given set of material
properties and residual stress, crack extension along the layer
will not occur when the layer thickness is less than a critical
value.

The strain energy release rate function, Eq. (8), can be tested
by comparing the experimental value of the crack depth
obtained by observing the fracture surface of the materials used
in the current work with the value predicted with Eq. (8). A
value of the normalized strain energy release rate of 0.17 is
obtained by substituting the experimental crack depth/layer
thickness ratio of 1.68 reported above into the right-hand side
of Eq. (8) and using a value for the elastic mismatch parameter
(Eq. (14)) of 0.2 for the current materials. Using the material
properties in Table I, a value of 0.156 was obtained for the left-
hand side of Eq. (8). The two values obtained from each side of
Eqg. (8), 0.17 vs. 0.156, appear to be in sufficient agreement to
suggest that Eq. (8) can produce a good estimate for the con-
dition for crack extension, given that the elastic mismatch is
small.

The phenomenon described here can be important in many
technical situations including the processing and use of
multilayer materials, such as capacitors, electronic packaging.
piezoelectric actuators, and laminar composites. In these appli-
cations, residual stresses arise during the codensification of
powder layers due to differential shrinkage, and during cooling
from the densification temperature due to differential thermal
contraction. For example, in electronic packaging, layers of
ceramics and metals are bonded together; the ceramic layers are
typically under residual compression far away from the free
surface, but under tensile stress at the free surface.

Other important applications include reaction layers formed
between two materials at elevated temperatures and bonded
joints. Reaction layers can develop between two materials at
elevated temperatures. When the reaction product has a larger
molar volume, the reaction layer is under biaxial compression
far from the free surface but under tension at the surface. An
example of this is cited in Ref. 18, where the reaction between
nickel and AlLO,; produces a spinel layer that results in an
extremely weak joint. Since reactions often produce large molar
volume changes, and thus, linear strains much larger than those
associated with differential thermal expansion, the critical
thickness of the reaction layer for spontaneous crack extension
can be only a few nanometers; the depth of the crack is expected
to increase as reaction proceeds to produce a thicker reaction
layer.

Residual stresses can also arise when materials are bonded
together with a third material (adhesives, brazes, etc.). In prac-
tice, it is well known that the strength of the join depends not
only on the magnitude of the residual stress (due to the proper-
ties of the third material), but also on the thickness of the
joining layer. For example, Kirchner et a/? have shown that the
strength of joints produced between ceramics bonded together
with a glass increases with decreasing glass bond thickness,
although the maximum tensile stress at the surface was found,
by finite element analysis, to be independent of the bond layer
thickness. For cases such as these, where a tensile stress is
superimposed on the residual tensile stress, the critical bond
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Fig.9. Condition for the channel cracking to be suppressed.

layer thickness for spontaneous crack extension (i.e., fracture)
will depend on the applied to residual stress ratio. Although the
critical stress intensity function for this superimposed stress
problem is beyond the scope of the present work, its solution is
expected to show that the strength of the bonded joint will
approach the statistical strength of the ceramic with decreasing
bond layer thickness.

Other problems of a similar nature, involving fibers and
inclusions under an apparent compressive stress, have been
cited in the literature. Cracks have also been observed in fiber-
reinforced composites. If fibers have a smaller thermal expan-
sion coefficient than the matrix, the fibers within the matrix are
placed under compressive stresses in all three directions during
cooling from the processing temperature. However, at the free
surface of the composite. tensile stresses develop in the direc-
tion normal to the fiber axis. A crack can channel along the
fiber if the dimensionless group, I'E/oj R, exceeds a critical
number."” Here I, £, and R are the critical strain energy release
rate, Young’s modulus, and the radius of the fiber, and o, is the
mismatch stress.

For inclusions, Lange and Metcalf* have shown that crack-
ing due to tensile stresses occurs when an inclusion, nominally
under compression when fully embedded in a matrix, is trun-
cated by the surface. For this case, the residual stress in a
surface inclusion has been analyzed by Cox* as a function of
the inclusion shape. Analogous to the surface inclusion, when
the surface of a brittle material is suddenly heated in a small
region, e.g., when the surface is impinged with a melt droplet
or a laser beam, the small region expands. The situation com-
monly gives a false impression that a compressive stress, paral-
lel to the surface, develops at the heated spot. However, a recent
analysis® has shown that crack extension can occur due to
tensile stress parallel to the surface, under the heated spot.

Finally, it should be pointed out that the stress distribution
reported above for free surface of an embedded layer is similar
to those imposed by the “bridge” loading method, developed by
Nose and Fujii,” to introduce a crack of finite depth into a
bar specimen. With an appropriate testing method and stress
intensity function, the cracked bar is used to determine the
critical stress intensity factor of the material. The “bridge” is a
slotted block. The bar specimen is compressed between the
bridge and a flat surface; except for the region between the slot
in the bridge, the opposing surfaces of the bar are compressed.
At a critical load, a crack suddenly “pops™ into the bar between
the slot in the bridge. In this loading configuration, the unloaded
region in the bar, defined by the slot in the bridge. is analogous
to the layer in the problem analyzed above. That is, localized
tensile stresses arise within the bar defined by the slot in the
bridge. Similar to the conditions for crack extension in the
layer, the crack produced by bridge loading only extends into
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the bar to a depth that is proportional to the width of the slot.
Thus. although the loading condition is compressive, localized
tensile stresses within the unloaded slot region lead to the
sudden extension of a crack that arrests at a depth proportional
to the width of the slot.

Acknowledgment: Finite element analyses are carried out with
ABAQUS.
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